I. INTRODUCTION
Spin-torque oscillators (STOs) 1 have attracted considerable attentions with the potential of enabling novel spintronic devices for telecommunication and logic applications. [2] [3] [4] [5] [6] [7] The STOs are typically fabricated in two different architectures: Nano-pillar 1 or nanoscale electrical contacts (NC) 8 to ferromagnetic thin films with a free magnetic layer and a fixed spin polarizer layer. The spin-transfer torque (STT) in such contacts can compensate the damping torque and excite steady state spin precession in the free layer at a threshold d.c. current. In free layers with perpendicular magnetic anisotropy (PMA), the STT has been predicted to induce a localized oscillation mode-dissipative magnetic droplet soliton. 9, 10 Recent experiments have confirmed this type of localized oscillation soliton mode generated in NC region, [11] [12] [13] [14] [15] which has been considered as a promising candidate for the STOs. In such devices, the energy dissipation due to magnetic damping is compensated by the energy input from the current-induced STT effect. 16, 17 The typical droplet has a partially reversed magnetization directly underneath the NC and all the spins at the NC perimeter rotate in phase around the film normal with a large of precession angle, which can lead to an increase in the microwave output power of NC-STOs by a factor of 40 compared to those of non-droplet counterparts. 11, 18 However, this enhanced power is still too weak (∼200 pW) for practical applications. Increasing output power of STO is essential for successful adaptation of the STT excitation scheme for advanced microwave oscillators. One promising approach to increasing the output power has been suggested by using the phase-locking mode of an array of STOs through the synchronization technique. 3, [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] This is a very challenging issue for the droplet-based NC-STOs due to the strongly non-linear soliton property of the magnetic droplets. To gain insight into the nature of droplet dynamics, micromagnetic simulations have been powerful tools. 9, [29] [30] [31] [32] In this paper, by employing microwave (MW) magnetic fields, we show that two magnetic droplets formed at identical or non-identical NCs can phase-lock into a single resonance state over a frequency range close to the MW driving frequency. Furthermore, multiple droplets distributed in a 4 × 4 spatial matrix can also synchronize into a phase-locking state.
II. MODEL
As shown in Fig. 1(a) , we consider a NC-STO geometry based on a pseudo spin-valve structure 11, 12 patterned into a square shape with 512×512 nm 2 . The spin polarizer layer is assumed to be magnetized along the +z direction and the 5-nm thick free layer has perpendicular magnetic anisotropy (PMA). The free layer has two NCs with a separation distance of 240 nm. Positive current is defined as the flow of electrons from the free layer to the polarizer layer.
Micromagnetic modeling of the free layer was performed using the open-source simulation software MuMax3, 33 which is based on the Landau-Lifshitz-Gilbert equation including the STT term: 16, 34 
The magnetization m = M/M S , M S is the saturation magnetization. The first term describes the spin precession, the second term is the Gilbert damping term, the third one is the Slonczewski STT term 16 that only works on the NC region. a J is the STT strength. The effective magnetic field H eff includes the exchange field, anisotropy field, demagnetization field (magnetic dipole interaction), and external magnetic field. In this study, the external magnetic field contains a static magnetic field H 0 applied in z-direction and a microwave (MW) magnetic field H MW = H MW ,0 sin (2πf MW t)ê y applied in y-direction, where H MW ,0 is the field strength and f MW is the MW frequency. The following material parameters measured on similar Co/Ni multilayers are used for the free layer: 11,14 M s = 716 kA/m (saturation magnetization), K u = 447 kJ/m 3 (magnetic anisotropy), A = 30 pJ/m (exchange stiffness), α = 0.05 (Gilbert damping), P = 0.5 (spin polarization). The applied current is 8 mA for each NC except the case of specific notation in this study. The current-induced Oersted field is not taken into account for most simulations. µ 0 H 0 = 0.8 T along z axis, which results in the Zeeman precession frequency f 0 = γH ≈ 22.5 GHz consequently. In order to reduce the influence of sample boundary, a periodic boundary condition is used in both x-direction and y-direction. In this study, all the simulations are performed at zero temperature. 
III. SIMULATION RESULTS

A. Synchronization of two droplets at identical NCs
show the typical dynamics of droplet pairs driven by a microwave magnetic field, in which the ac MW magnetic field is applied along y-axis direction with the amplitude of 20 mT and the frequency of 25.50 GHz. First, a droplet pair is generated at two identical NCs (r 1 = r 2 = 15 nm) by applying a current of 8 mA flowing in each NC. The details of creation process of a droplet pair can be found in our previous study. 32 Simulation indicates that the magnetization precession of the two droplets have almost same intrinsic frequency of ∼25.52 GHz, as the thin curves shown in Fig. 1(b) . Here the frequencies are calculated from time dependent m x using the fast Fourier transform (FFT) technique. In our simulations, we set the two droplets having different initial magnetization phase (ϕ 1 ϕ 2 ), where ϕ is the angle of the in-plane magnetization component of droplet at the NC circumference with the x-axis. The phase difference ∆ϕ = ϕ 1 − ϕ 2 of the droplet pair first will slightly increase to an antiphase magnetization precession state (∆ϕ ≈ 180 • ), see Fig. 1(d) . When an AC microwave magnetic field H MW is switched on at t = 100 ns, the droplet pair with the antiphase state is quickly locked into an in-phase synchronization precession state (∆ϕ ≈ 0 • ) within 2 ns (see movie S1 of the supplementary material), at which the two droplets start to rotate with a frequency of 25.50 GHz same as that of the driving microwave field as shown in Fig. 1(b) .
We would like to point out that the appearance of antiphase precession state in double or multiple NCs driven by STT effect is a normal feature, which has been suggested three possible reasons: 23, 24 The dynamic dipole-dipole interaction (DDI), spin wave (SW), or the separation distance between the two droplets. In order to clarify which factor plays the role for the antiphase state, we have carried out a series of simulations by switching on/off the DDI, SW, and current-induced Oersted-field. Also the separation distance varies from 240 nm to 260 nm. We find that without the microwave magnetic field the antiphase precession state is a favorite state with the DDI and SW effect (not shown). This antiphase state only disappears at relative large separation distance and with the Oersted field case. This result is consistent well with the experiments. 27 The phase-locking state of the droplet pair depends on the microwave driving field. Fig. 2 (a) shows the FFT output frequency of the droplet pair as a function of the microwave source, where the driving source is fixed to be 20 mT and the frequency varies from 24 GHz to 27 GHz (correspondingly to ±1.5 GHz away from the intrinsic frequency of a droplet). Fig. 2(b) shows the time dependent phase difference of the two droplets. Note that the two droplets can quickly phase-lock into a synchronization state when the source frequency changing from 24.8 GHz to 26.2 GHz. In this region, the two droplets are locked into the frequency of driving source, resulting in a resonance state between the droplet pair and the source. The frequency difference between the droplet and microwave source is smaller than a specific value (∼0.7 GHz). This behavior is similar to that theoretically predicted by Slavin and Tiberkevich, 23 in which the phase of magnetization is tuned by the combined effect from an oscillating stray field and a spin wave. In addition, the NC2 droplet has a larger synchronization range in frequency with the driving MW source, as shown in Fig. 2(a) . Our simulations show that the large microwave field may enlarge the droplet diameter somehow, resulting in one of the droplet is larger than the other even for them generated at same size of NCs (see movie S2 of the supplementary material). It is noticed that the intrinsic frequency of droplet decreases with the increase of droplet diameter, 9,32 therefore, the window of frequency locking for NC2 is larger than that of NC1. However, it is unclear why the droplets generated at NC1 and NC2 have the different response to the MW driving source. For the relative small microwave driving source, this phenomenon will disappear. We would like to point out that the phase-locking (PL) window in Fig. 2(a) is defined as the frequency region both the two droplets having the same frequency as well as the same precession phase (or a fixed phase difference).
The phase-locking window is also manipulated by the strength of driving magnetic fields. shown in Fig. 2(c) is that the phase-locking range is asymmetry, showing the different response of the droplet pair to high-frequency and low-frequency driving signals. The droplet pair prefers to resonate with the low-frequency microwave fields. Fig. 2(d) summarizes the phase-locking difference ∆f as a function of the strength of microwave fields, where ∆f is defined as the difference between the upper and lower bounds of phase-locking frequency, ∆f = f max − f min . Note that, the ∆f linearly increases with the microwave strength for H<10mT. Interestingly, there is a pronounced jump between 10 and 18 mT, which may correspond to a new type of precession mode excitation. But the underlying physics for this jump is unclear. After that, the ∆f is saturated to be 1.8 GHz. This saturated frequency interval is originated from the topological protection of droplet structure.
B. Synchronization of a droplet pair at non-identical NCs
In contrast, for a droplet pair formed at different size of NCs (r 1 = 16.5 nm, r 2 = 15 nm), the synchronization process demonstrates significant different behaviors. Firstly, the two droplets have different intrinsic frequencies in absence of the MW magnetic fields, showing the big droplet (r 1 = 16.5 nm) has a little lower intrinsic frequency of 25.38 GHz [ Fig.1(c) ]. This can be attributed to the increased droplet size, the frequency decreases with the increase of radius size. 9, 32 Secondly, the transient phase difference ∆ϕ before the synchronization state featured a drastic oscillation between 180 • and 0 • , as shown in Fig. 1(d) . However, when the MW driving field is switched on at t = 100 ns, the magnetization precession of the two droplets synchronizes with each other very quickly, with a same frequency (25.5 GHz) and a fixed phase difference ∆ϕ ≈ 4.6 • . Thirdly, due to the non-identical size, the phase-locking frequency window of the two droplets is shrunk a little [see Fig. 3(a) ]. Moreover, a nonzero stable ∆ϕ value is observed for this phase-locking state, and the ∆ϕ increases with the frequency of microwave increasing, as shown in Fig. 3(b) . In addition, we would like to point out that for the droplet pair at two non-identical NCs having too large different intrinsic frequencies (e.g. induced by big difference of NC size), the phase-locking will be invalid. 
C. Synchronization of multiple droplets
Synchronization of multiple droplets is also available by using the microwave magnetic field. Fig. 4 shows the simulation results for a matrix of 4 × 4 droplets performed with or without the microwave driving source. The separation distance between the neighbor NCs is 240 nm. In this simulation, a random initial droplet state is firstly generated at each NC by applied d.c. current. These droplets have different initial phase angle ϕ, see Fig. 4(a) . Without the microwave magnetic field, these droplets have never to be locked in phase state as the time increases, as shown in Fig. 4(b) . However, when the microwave field is switched on, we can see that all the droplets with the different initial phase can be quickly synchronized into an in-phase state with a same phase-locking frequency of 25.5 GHz, see Fig. 4 (c) and movie S3 of the supplementary material.
IV. CONCLUSION
In summary, we show that droplet-based NC-STOs can be synchronized by using a microwave field. The phase-locking range can be tuned by the microwave field strength, showing the range increases with the field strength. An asymmetry phase-locking window is observed, because the droplet pair prefers to synchronize with the relatively lower frequency of the microwave source, compared with the intrinsic precession frequency of the droplet. Multiple droplets formed in a 4 × 4 NC matric can also be synchronized by the microwave magnetic field.
SUPPLEMENTARY MATERIAL
See the supplementary material for showing the process of the phase-locking two identical droplets (movies S1 and S2) and multiple droplets (movie S3).
